Abstract. For the algebra In = K x 1 , . . . , xn, ∂ 1 , . . . , ∂n, 1 , . . . , n of polynomial integrodifferential operators over a field K of characteristic zero, a classification of simple weight and generalized weight (left and right) In-modules is given. It is proven that the category of weight In-modules is semisimple. An explicit description of generalized weight In-modules is given and using it a criterion is obtained for the problem of classification of indecomposable generalized weight In-modules to be of finite representation type, tame or wild. In the tame case, a classification of indecomposable generalized weight In-modules is given. In the wild case 'natural' tame subcategories are considered with explicit description of indecomposable modules. It is proven that every generalized weight In-module is a unique sum of absolutely prime modules. For an arbitrary ring R, we introduce the concept of absolutely prime R-module (a nonzero R-module M is absolutely prime if all nonzero subfactors of M have the same annihilator). It is shown that every indecomposable generalized weight In-module is equidimensional. A criterion is given for a generalized weight In-module to be finitely generated.
Introduction
Throughout, ring means an associative ring with 1; module means a left module; N := {0, 1, . . .} is the set of natural numbers; N + := {1, 2, . . .} and Z ≤0 := −N; K is a field of characteristic zero and K * is its group of units; ⊗ = ⊗ K ; P n := K[x 1 , . . . , x n ] is a polynomial algebra over K; ∂ 1 := ∂ ∂x1 , . . . , ∂ n := ∂ ∂xn are the partial derivatives (K-linear derivations) of P n ; End K (P n ) is the algebra of all K-linear maps from P n to P n ; the subalgebras A n := K x 1 , . . . , x n , ∂ 1 , . . . , ∂ n and I n := K x 1 , . . . , x n , ∂ 1 , . . . , ∂ n , 1 , . . . , n of the algebra End K (P n ) are called the n'th Weyl algebra and the algebra of polynomial integrodifferential operators, respectively.
The Weyl algebras A n are Noetherian algebras and domains. The algebras I n were introduced in [7, 8] and they are neither left nor right Noetherian and not domains. Moreover, they contain infinite direct sums of nonzero left and right ideals [7] . The algebra I n contains a polynomial algebra D n = K[H 1 , . . . , H n ], where H 1 := ∂ 1 x 1 , . . . , H n := ∂ n x n , which is a maximal commutative subalgebra of I n , [7] . An I n -module M is called a weight module if it is a semisimple D n -module provided the field K is an algebraically closed field. For an arbitrary field, a weight I n -module is a direct sum of common eigenspaces for the commuting elements H 1 , . . . , H n , by definition. An I n -module M is called a generalized weight module if for all elements m ∈ M , dim K (D n m) < ∞, i.e., M is a locally finite dimensional D-module provided the field K is an algebraically closed field. Every weight module is a generalized weight module but not vice versa. The I n -module P n is a simple weight module. Introduction of (generalized) weight modules for the algebras I n was inspired by a similar concept for semisimple finite dimensional Lie algebras. For a semisimple finite dimensional Lie algebra G, a classification of simple generalized weight modules is known only when G = sl 2 . Furthermore, a classification of indecomposable generalized weight sl 2 -modules was done in [5] and the problem of classification turned out to be tame provided the Casimir element acts as a scalar. In fact, in [5] in the tame case a classification of indecomposable generalized weight modules was obtained for a large class of algebras, the, socalled, generalized Weyl algebras (the universal enveloping algebra U (sl 2 ) and the Weyl algebras are examples of generalized Weyl algebras as well as many other quantum groups are). Recently, for some non-semisimple Lie algebras G and their quantum analogues, classifications of simple weight modules are given: the Schrödinger algebra, [15] ; sl 2 ⋉ V 2 , [16] , where V 2 is the simple 2-dimensional sl 2 -module; the enveloping algebra of the Euclidean algebra, [14] ; K q [X, Y ] ⋊ U q (sl 2 ), [17] ; the quantum spatial ageing algebra, [13] .
In the paper, explicit descriptions of weight and generalized weight I n -modules are given (Theorem 3.2, Theorem 3.6 and (9), (19) ). They are too technical to explain them in the Introduction. Classifications of simple weight and simple generalized weight I n -modules are obtained (Theorem 2.3). It is proven that the category of weight I n -modules is a semisimple category (Theorem 2.5). In [6] , a classification of indecomposable generalized weight I 1 -modules of finite length is given. This classification is used in the present paper in order to obtain the general case. Usually, the case n = 1 serves as the base of induction for the case n > 1. Using Theorem 2.3, a criterion is given to decide whether the problem of classification of indecomposable generalized weight I n -modules is of finite representation type, tame or wild (Theorem 3.7). In the case, n = 1 the problem is tame, [6] . In the tame case, a classification of indecomposable generalized weight I n -modules is given. It is shown that every indecomposable generalized weight I n -module is equidimensional (Corollary 3.8).
A criterion is given for a generalized weight I n -module to be finitely generated (Corollary 3.9). In the wild case, 'natural' tame subcategories are considered with explicit description of indecomposable modules, see the end of Section 2. In particular, descriptions of categories ind(D 2 , m 2 ), ind f (Γ) and ind f (A) are obtained. In Section 4, similar results are proven for generalized weight right I n -modules.
Properties of the algebras I n are studied in [7, 9, 10] . In the case n = 1, for a more general setting see also [25] . The simple I 1 -modules are classified in [9] . Simple A 1 -modules were classified in [19] (see also [2, 3] for some generalized Weyl algebras including A 1 ). The automorphism groups Aut K−alg (I n ) are found in [8] . The weak homological dimension of the algebra I n is n, [7] . Futhermore, the weak homological dimension is n for all the factor algebras of I n , [12] .
Finite dimensionality of Ext-groups of simple modules over the (first) Weyl algebra A 1 was proven in [30] . Finite dimensionality of Ext-groups of simple modules over the generalized Weyl algebras was proven in [1] . Simple modules over certain generalized Weyl algebras were classified in [2] . In [6] , Ext-groups are described between indecomposable generalized weight I 1 -modules, it is shown that they are finite dimensional vector spaces. In [10] , it is proven that the algebra I n is a left coherent algebra iff the algebra I n is a right coherent iff n = 1; the algebra I n is a maximal left (resp., right) order in the largest left (resp., right) quotient ring Q l (I n ) (resp., Q r (I n )) of I n . The (left and right) global dimension of the algebra I n and all prime factor algebras of I n is equal to n, [12] .
Classifications of (various classes of) simple weight modules over algebras that are close to the (generalized) Weyl algebras are given in [28, 18, 26, 32, 27, 22, 29, 23, 11] .
Classification of simple (generalized) weight I n -modules
In this section, a classification of simple generalized weight and simple weight I n -modules is given (Theorem 2.3). It is proven that the category of weight I n -modules is a semisimple category (Theorem 2.5). At the beginning of the section, we collect some results about the algebras I n that are used in the paper. In the case when n = 1, we drop the subscript '1' in order to simplify the notation.
As an abstract algebra, the algebra I 1 is generated by the elements ∂, H := ∂x and (since x = H) that satisfy the defining relations, [7 
Since I n = I 1 ⊗ · · · ⊗ I 1 (n times), defining relations of the algebra I n is the union of the defining relations (1) for each index i = 1, . . . , n and the relations a i a j = a j a i for all i = j where a i ∈ {∂ i , H i , i }. The elements of the algebra I 1 , 
) be the usual matrix units, i.e. E ij * x s = δ js x i for all i, j, s ∈ N. Then
Ke ij = KE ij , and F := i,j≥0 Ke ij = i,j≥0 KE ij ≃ M ∞ (K), the algebra (without 1) of infinite dimensional matrices. The algebra
where
Z n -grading on the algebra I n and the canonical form of an integro-differential operator, [7] . The algebra I 1 = i∈Z I 1,i is a Z-graded algebra (I 1,i I 1,j ⊆ I 1,i+j for all i, j ∈ Z) where
the algebra
Ke ii is a commutative non-Noetherian subalgebra of I 1 , He ii = e ii H = (i + 1)e ii for i ∈ N (notice that i∈N Ke ii is the direct sum of non-zero ideals of D 1 );
have the same kernel i−1 j=0 Ke jj . The algebra
is a Z n -graded algebra (I n,α I n,β ⊆ I n,α+β for all α, β ∈ Z n ) where
Each element a of the algebra I 1 is a unique finite sum
where a k ∈ K[H] and λ ij ∈ K. This is the canonical form of the polynomial integro-differential operator, [7] . Let
and an element a ∈ I 1 is the unique finite sum
is a K-basis for the algebra I 1 . The tensor product of these bases is a basis for the algebra I n . The multiplication in the algebra I 1 is given by the rule:
e ij = e i+1,j , e ij = e i,j−1 , ∂e ij = e i−1,j , e ij ∂ = ∂e i,j+1 , He ii = e ii H = (i + 1)e ii , i ∈ N, where e −1,j := 0 and e i,−1 := 0.
The algebra I 1 has the only proper ideal F = i,j∈N Ke ij ≃ M ∞ (K) and F 2 = F . The factor algebra I 1 /F is canonically isomorphic to the skew Laurent polynomial algebra
The algebra B 1 is canonically isomorphic to the (left and right) localization A 1,∂ of the Weyl algebra A 1 at the powers of the element ∂ (notice that x = ∂ −1 H). Recall that the algebra of polynomial integro-differential operators
The algebra I n is a local algebra where the unique maximal ideal a n is generated by F (1), . . . , F (n) and the factor algebra I n /a n is isomorphic to the skew Laurent polynomial algebra [7] . Furthermore, the algebra B n is the only left/right Noetherian factor algebra of I n , [7] .
A classification of all ideals (including prime ideals) of the algebra I n is obtained in [7] . There are precisely n height 1 prime ideals:
see [7] . The algebra I n is a prime algebra (0 is a prime ideal of I n ). Every nonzero prime ideal p is a unique sum
of height 1 prime ideals where I ⊆ {1, . . . , n} is a unique set for the ideal p = p I , and ht(p) = |I| where ht(p) if the height of the ideal p. Every ideal of I n is an idempotent ideal (a 2 = a), ideals of I n commute (ab = ba) and the ideal a n = p 1 +· · ·+p n is the only maximal ideal of the algebra I n .
Generalized weight I n -modules. The group Z n acts on the vector space K n by addition. For an element λ = (λ 1 , . . . , λ n ) ∈ K n , O(λ) = λ + Z n is its orbit. The set of all Z n -orbits is isomorphic to the factor group K n /Z n , O(λ) ↔ λ + Z n . In particular, two orbits are equal,
. . , e n be the standart basis for the vector space
The K-automorphisms σ 1 , . . . , σ n of the polynomial algebra D n commute, σ i σ j = σ j σ i , since σ i (H j ) = H j − δ ij where δ ij is the Kronecker delta. The subgroup G = σ 1 , . . . , σ n of the group of K-algebra automorphisms Aut K (D n ) generated by the automorphisms σ 1 , . . . , σ n is an abelian group isomorphic to
Let M n be the set of all maximal ideals of the algebra I n of the type
Recall that the group Z n acts on K n in the obvious way:
In a similar way, the group G acts on M n , (σ
n . When we identify the set M n with K n via the bijection M n → K n , m λ → λ and the group G with Z n via the group isomorphism G → Z n , σ i → e i (i = 1, . . . , n), then the set of G-orbits M n /G is identified with the factor group K n /Z n via the bijection
The set Supp(M ) = {m ∈ M n | M m = 0} is called the support of the weight I n -module M . So, an I n -module M is weight iff it is a (direct) sum of common eigen-spaces for the commuting elements H 1 , . . . , H n of the algebra I n . An I n -module M is called a generalized weight module if
If, in addition, the field K is an algebraically closed then the set Max(D n ) of maximal ideals of the ring D n is equal to M n , every weight I n -module is an I n -module which is a semisimple D n -module (and vice versa), and every generalized weight I n -module is an I n -module which is locally finite dimensional D n -module (and vice versa).
We denote by W(I n ) (resp., GW(I n )) the category of weight (resp., generalized weight) I nmodules. Clearly,
are inclusions of categories where I n -Mod is the category of all left I n -modules. The category GW(I n ) is a full subcategory of I n -Mod, it is closed under arbitrary direct sums, extensions, submodules and factor modules. The category W(I n ) is closed under direct sums, submodules and factor modules but not under extensions, see [6, Theorem 2.5].
Let M be a generalized weight I n -module. It follows from the defining relations of the algebra I n , [7, Proposition 2.2] or (1) , that for all m ∈ M n and i = 1, . . . , n,
. So, the generalized weight I n -module M is a direct sum of its generalized weight submodules
Similarly, a weight I n -module M is a direct sum of its weight submodules
For each orbit O ∈ M n /G, let W(I n , O) (resp., GW(I n , O)) be the subcategory of weight (resp., generalized weight) I n -modules M with Supp(M ) ⊆ O. By (7) and (8),
direct sum of full subcategories of W(I n ) and GW(I n ), respectively. So, the problem of classification of indecomposable weight or generalized weight I n -modules is reduced to the case when the support of a module belongs to a single orbit.
Let 0 → N → M → L → 0 be a short exact sequence of I n -modules. Then M is a generalized weight module iff so are the modules N and L, and in this case,
The simple weight I n -module P n . By the definition, the algebra I n is a subalgebra of the algebra End K (P n ) of all K-endomorphism of the vector space P n . So, the polynomial algebra P n is a (left) I n -module. Since A n ⊂ I n , the A n -module P n is a simple faithfull A n -module. Hence, the I n -module P n is also simple and faithfull. The action of the elements x i , ∂ i , H i and i on P n is given by the rule: For all elements p ∈ P n ,
n . Therefore, the I n -module P n is a weight module, Supp(P n ) = N n + . The polynomial algebra
The indecomposable I 1 -modules M (s, λ), [6] . For λ ∈ K and a natural number s ≥ 1,
Clearly,
The
Lemma 2.1.
(1) Each simple generalized weight I 1 -module is a simple weight I 1 -module, and vice versa.
(2) Each simple generalized weight I 1 -module is isomorphic to one of the modules:
Proof. 1 and 2. Statements 1 and 2 follow from [6, Theorem 2.5].
and there is a short split sequence of I 1 -modules
In fact, it splits (Theorem 2.5). Let A be an algebra and A-Mod be the category of left A-modules. A subcategory C of A-Mod is called a semisimple category if every module of C is a direct sum of its simple modules in C. The category GW(I n ) of generalized weight I n -modules is a subcategory of the category I n -Mod of all left I n -modules. The category W(I n ) of weight I n -modules is a subcategory of GW(I n ). For an A-module M , we denote by End A (M ) its algebra of endomorphisms.
Classification of simple weight I n -modules. We denote by I n (weight) (resp., I n (gen. weight)) the set of isomorphism classes of simple weight (resp., generalized weight) I n -modules. The next theorem classifies (up to isomorphism) all the simple weight I n -modules. Theorem 2.3.
(1) I n (gen. weight) = I n (weight) = I 1 (weight) ⊗n , i.e., any simple generalized weight I n -module is a simple weight I n -module, and vice versa; any simple weight I n -module M is isomorphic to the tensor product M 1 ⊗· · ·⊗M n of simple weight I 1 -modules and two such modules are isomorphic over
Proof. To prove the theorem we use induction on n. The case n = 1 is true, see [6, Theorem 2.5] .
Suppose that n > 1 and that theorem is true for all n ′ < n. Let M be a simple generalized weight I n -module. By (7)
. By [9] , the I 1 -module N has finite length. Hence, so is the I 1 -module I 1 v. Changing the element v, if necessary, we can assume that the I 1 -module M 1 = I 1 v is a simple weight I 1 -module. The I n -module M is a simple module. The I n -module homomorphism
′ . The I n -module M is a generalized weight I n -module. Hence, the I n−1 -module M ′ is a generalized weight I n−1 -module. Now, the result follows by induction on n.
The category W(I n ) of weight I n -modules is a semisimple category. Let n = 1. For
is a disjoint union where
For each choice of the set 
For each subset I of {1, . . . , n}, let a n (I) be the ideal of I n generated by the ideals F (i) of I 1 (i) where i ∈ I. If I = ∅ we set a n (∅) = 0. Clearly, a n (I) = i∈I p i . If I = {1, . . . , n} then a n (I) = a n is the maximal ideal of I n . The factor algebra
is a tensor product of algebras where (
The elements in GW(I n , O) are uniquely determined by their annihilators, i.e., the map
and statements 1 and 2 follow. Then statement 2 implies statement 3, and the rest follows.
. . , n}. Theorem 2.5. Every weight I n -module is a direct sum of simple weight I n -modules. In particular, the category W(I n ) of weight I n -modules is a semisimple category.
Proof. In view of (9) , it suffices to show that for each orbit O ∈ K n /Z n and for any two weight simple 
Since the algebra K m λ is a field, the short exact sequence above splits. Let e = e λ be a nonzero element of M λ and e = e λ be an element of M ′ λ such that f λ (e) = e. To finish the proof it suffices to show that the I n -submodule of M ′ , N := I n e, is a simple I n -module: Indeed, in this case, M ∩ N = 0 since f (M ) = 0, f (N ) = M and the I n -modules M and N are simple. Then the I n -module M ′ of length 2 contains the submodule M ⊕ N of length 2, and so M ′ = M ⊕ N , as required. There are two cases to consider: either
For each number i = 1, . . . , n, we have the I 1 (i)-module epimorphism
which is necessarily an isomorphism since the
which is necessarily an isomorphism since the I n -module M is simple.
(ii) D O = ∅: Without loss of generality we can assume that D O = {1, . . . , m} for some natural number m such that 1 ≤ m ≤ n. Then
For each i = 1, . . . , m,
which is necessarily an isomorphism since the I 1 (i)-module K[x i ] is simple. Using the same argument as in the case (i), we see that for all j > m, I 1 (j)e ≃ M (1, λ j ) and the I n -epimorphism M = n i=1 M i → I n e = N is an isomorphism since the I n -module M is simple. The proof of the theorem is complete.
By Theorem 2.5, each weight I n -module M is a unique direct sum
where µ(D O ) is the multiplicity of M (D O ) (which can be any set).
Explicit description of indecomposable generalized weight I n -modules
In this section, an explicit description of indecomposable generalized weight I n -modules is obtained (Theorem 3.6). One of the key steps is to show that each category GW(I n , O) is a direct sum of its subcategories GW(I n , D O ) that are generated by the single simple weight I n -modules M (D O ), see (19) . Using (19) and some results about representations of Artinian rings, a criterion is given for the category GW(I n , O) and its subcategories GW(I n , D O ) to be of finite representation type, tame or wild. Explicit classes of indecomposable modules in GW(I n , O) are considered.
Let A be an algebra, m be a co-finite ideal of A (i.e., dim 
Theorem 3.2. Let R be a ring, M be a nonzero R-module and p = ann R (M ). The R-module M is called a prime R-module (or a p-prime R-module) if p is a prime ideal of R and ann R (N ) = p for all nonzero R-submodules N of M . The R-module M is called an absolutely prime R-module (or an absolutely p-prime R-module) if p is a prime ideal of R and ann R (N ) = p for all nonzero subfactors of M , i.e., N = M 2 /M 1 for some submodules M 1 and
Lemma 3.1 shows that all nonzero modules in each category GW(I n , D O ) are absolutely prime I n -modules (Corollary 3.4). Lemma 3.1 is one of the key steps in proving that the equality (19) holds. 
Recall that the ideal a 1 is a prime ideal (Lemma 3.1. (2)), hence a i ⊆ a 1 for some i such that 2 ≤ i ≤ s. This contradicts the minimality of the ideal a 1 . Now, the theorem follows from Proposition 3.3.
Proof. By Lemma 3.1. (2), the ideals a = ann In (M ) and a ′ = ann In (M ′ ) are distinct prime ideals of the algebra I n . Therefore, either a a ′ or otherwise a ⊂ a ′ (a proper inclusion since a = a ′ ). Let 0 → M → N → M ′ → 0 be a short exact sequence of I n -modules. To finish the proof it suffices to show that the short exact sequence splits.
(i) Suppose that a a ′ : Then aM ′ = 0 (since otherwise aM ′ = 0, and so a ⊆ ann In (M ′ ) = a ′ , a contradiction). In particular, aM ′ = M ′ since the I n -module M ′ is simple. Now,
Therefore, the I n -submodule aN of N is isomorphic to the simple 
Notice that 1 ∂ 1 = 1 − e is an idempotent and the result follows:
(iv) ∂ 1 θ = 0: Since θ = 0, the statement (iv) follows from the statement (iii).
The I 1 (1)-module I 1 (1)/I 1 (1)H 1 is a simple weight module. By the statement (v), the I 1 (1)-submodule L 1 = I 1 (1)∂ 1 θ of N is isomorphic to the I 1 (1)-module I 1 (1)/I 1 (1)H 1 . Recall that End I1(1) (L 1 ) = K and I n = I 1 ⊗ I n−1 . By [4] , the I n -submodule I n ∂ 1 θ of N is isomorphic to the tensor product L 1 ⊗ L of the I 1 -module L 1 and an I n−1 -module L.
( (
and each I nmodule V (I) is an indecomposable, equidimensional, generalized weight I n -module of length
, and ann In (V (I)) = a n . (2) Suppose that D O = {1, . . . , l} (up to order) for some l such that 1 ≤ l ≤ n.
(a) Suppose that
, and each I n -module V (I) is an indecomposable, equidimensional, generalized weight I n -module of length d := dim K (D k /I) < ∞ which is isomorphic to the I n -module
, and ann In (V (I)) = a n (D O ).
So, the I n -module V (I) is an equidimensional, generalized weight module with Supp(V (I)) = O and dim
By Theorem 2.3, the simple (generalized) weight
It remains to show that the I n -module V (I) is an indecomposable. The functor
is exact. The commutative algebra D n /I is a local, commutative, finite dimensional algebra with maximal ideal m/I. Since (D n /I)/(m/I) ≃ D/m is a field, the D n -module D n /I is indecomposable. Hence, so is the induced module V (I) = B n ⊗ Dn D n /I. Clearly, a n ⊆ ann In (V (I)). Since a n is a maximal ideal of I n and V (I) = 0, we must have ann In (V (I)) = a n . 2(a). Repeat the arguments of statement 1.
2(b). The functor
P m ⊗ − : I k -Mod → I n -Mod, L → P m ⊗ L is an exact functor. Now,
statement 2 follows from statement 2(a).
Explicit description of modules in GW(I n , O). In view of Theorem 3.2, Theorem 3.6 below is an explicit description of generalized weight I n -modules.
. . , l} = ∅, up to order. Then the functor
is an equivalence of categories with the inverse N → B n ⊗ Dn N , the induced functor. 
is an equivalence of categories with the inverse (ii) ann In (M ) = a n , by Lemma 3.1 (since ann In (V (I)) = a n ). The statement (ii) means that M is a Z n -graded B n -module. By Proposition 3.5.
(1), the functor GW(
m is an equivalence of categories with the inverse 
the statement 2(a) follows from Proposition 3.5. (2) and statement 1. Now, the statement 2(b) follows from the statement 2(a) and statement 1. Let A be an algebra and M be an A-module. We denote by [M ] the isomorphism class of the A-module M and A − Mod/ ≃ is the set of all the isomorphism classes of A-modules. In particular, LF m (D n )/ ≃ is the set of isomorphism classes of D n -modules in LF m (D n ). A category of modules is called a category of finite representation type if it contains only finitely many indecomposable modules up to isomorphism. Definition of tame and wild category the reader can find in [21] . Notice that every category of finite representation type is tame but not vice versa.
Criterion for the category GW(I n , D O ) to be of finite representation type, tame or wild. The next theorem is a criterion for the category GW(I n , D O ) to be of finite representation type, tame or wild.
(1) The category GW(I n , D O ) is of finite representation type iff O = Z n and D O = {1, . . . , n}, and in this case the simple I n -module P n = K[x 1 , . . . , x n ] is the unique indecomposable I n -module in the category
, where λ = λ n if λ n ∈ Z and λ = 0 if λ n ∈ Z} is the set of all indecomposable, pairwise non-isomorphic modules in GW(I n , D O ). Proof. The corollary follows from Theorem 3.6. The next corollary is a criterion for a generalized weight I n -modules to be finitely generated.
Corollary 3.9. Let M be a generalized weight I n -module. The I n -module M is finitely generated iff its support is a subset of a union of finitely many orbits in M n /G and the dimensions of all generalized weight components are bounded by a natural number.
Proof. The corollary follows from Theorem 3.6 and Proposition 3.5.
Criterion for the category GW(I n , O) to be of finite representation type, tame or wild. Corollary 3.10 is such a criterion. Proof. The corollary follow from Theorem 3.6.
Explicit classes of indecomposable I n -modules in GW(I n , O). By Theorem 3.6, the problem of classifying indecomposable generalized weight I n -modules in GW(I n , D O ) is equivalent to the problem of classifying indecomposable modules in LF m (D n ′ ) for some n ′ ≤ n. The set ind.LF m (D n ) of isomorphism classes of indecomposable modules in LF m (D n ) is the union
where the set ind(D n , m i ) contains the isomorphism classes of all the indecomposable D n -modules M with m i M = 0. Clearly,
By Theorem of Drozd, see [20] ,
• ind(D n , m i ) is tame iff either n = 1 or n = 2 and m = 1, 2.
Description of the set ind(D
where M 2 = mM is a Λ-module and M 1 is any (fixed) complement subspace of the vector space M 2 . Clearly, M = 0 iff M 2 = M iff M 1 = 0. The Λ-module structure on M is uniquely determined by the linear maps
So, the problem of describing the set ind(D 2 , m 2 ) is 'almost' equivalent to the problem of classifying indecomposable finite dimensional representations of the Kronecker quiver:
More precisely, every indecomposable finite dimensional representation of the Kronecker quiver
2 ), and vice versa. Up to isomorphism there are following 5 series of indecomposable modules (in bracket bases of the vector spaces M 1 and M 2 are given):
( 
where the set ind.LF m (D n , I) contains all the indecomposable modules M ∈ ind.LF m (D n ) with ann Dn (M ) = I. By Theorem of Drozd, see [20] ,
• ind(D n , I) is tame iff either n = 1 or n = 2 and I contains a product h
∈ m such that their images in the K-vector space m/m 2 are K-linearly independent (equivalently, are a basis).
In the second case (i.e., n = 2), the elements h ′ 1 and h ′ 2 are K-algebra generators for the algebra Γ. So, up to change of algebra generators, we can assume that h 1 h 2 ∈ I.
where ind f (Γ) is the set of isomorphism classes of indecomposable finite dimensional left Γ-modules.
Description of ind f (Γ). Let W = h 1 , h 2 be a free (noncommutative) semigroup. Each element (word) w ∈ W is a unique product w 1 · · · w l where w i ∈ {h 1 , h 2 } and l = 1, 2, . . .. The number l = l(w) is called the length of the word w and W = ⊔ l≥1 W l , a disjoint union, where W l is the set of all words of length l. The cyclic group of order l, C l = τ l = {τ i l | i = 0, . . . , l − 1}, where τ l = (12 . . . l), acts on the set W l by the rule τ l (w 1 · · · w l ) = w τ l (1) . . . w τ l (l) . Let W l /C l be the set of orbits. We say that two elements w and w ′ of W are equivalent, w ∼ w ′ , if they belong to the same orbit (w ∼ w ′ iff l(w) = l(w ′ ) and w = τ i l (w ′ ) for some i where l = l(w)). An orbit O ∈ W l /C l is called a periodic orbit if it contains an element w such that w = θ i for some θ ∈ W and i ≥ 2. We denote by N the set of all non-periodic orbits. The simple module K = Γ/(h 1 , h 2 ) belongs to ind f (Γ). The set of non-simple indecomposable finite dimensional Γ-modules consists of two sets of modules: the modules of the first and second type, see [24] :
where (1) ind 1 (Γ) = {M w | w ∈ W } and M w = e 1 , e 2 , . . . , e l+1 where l = l(w), w = w 1 . . . w l and w i ∈ {h 1 , h 2 },
is a direct sum of n-dimensional vector spaces N i = K n and the action of the elements h 1 and h 2 is given below. Schematically, it can be represented by the following diagram
Up to isomorphism, the module N (O, n, λ) does not depend on the choice of the representative w of the orbit O.
, and so A is tame, by Theorem of Drozd, see [20] . Since the algebra A is an epimorphic image of the algebra
(ii) A A is an injective module: straightforward.
(iii) Any finite dimensional A-module M such that m 2 M = 0 contain A A where m = (h 1 , h 2 ): Since m 2 A = 0, we can find a nonzero element a ∈ A such that m 2 a = 0. Then A Aa ≃ A, as required (since m 2 = (h 1 h 2 )).
Generalized weight right I n -modules
In this section, a classification of simple (generalized) weight right I n -modules is given (Theorem 4.2). The category of weight right I n -modules is a semisimple category (Theorem 4.3 ). An explicit description of generalized weight I n -modules is given (Theorem 4.4) .
The algebra I n admits an involution * given by the rule, see [12] : For i = 1, . . . , n,
Recall that an involution * on I n is a K-algebra anti-isomorphism of I n ((ab) * = b * a * ) such that a * * = a for all elements a ∈ I * n . Clearly, the involution * above acts as the identify map on the algebra D n .
Every left I n -module M can be seen as a right I n -module M * where M * = M , equality of vector spaces, and right I n -module structure on M is given by the rule: For all m ∈ M and a ∈ I n , ma := a * m. Similarly, every right I n -module N can be seen as a left I n -module N * where N * = N , equality of vector spaces, and, for all n ∈ N and a ∈ I n , an := na * . The functor
is an equivalence of categories with the inverse N → N * . Clearly, M * * = M and N * * = N .
Example 4.1. Recall that the polynomial algebra P n is a left I n -module isomorphic to the factor module
is a polynomial algebra. The algebra D n is a maximal commutative subalgebra of I n . Let e 1 = (1, 0, . . . , 0) , . . . , e n = (0, . . . , 0, 1) be the standard basis of the free abelian group Z n = ⊕ n i=1 Ze i . The right I n -module D n = (P * n ) In is simple (since In P n is simple) and
The right action of the generators H i , ∂ i , i (i = 1, . . . , n) of the algebra I n on ∂ α are given below:
The definition of generalized weight right I n -modules is given in the same way as their left counterparts. We add the subscript 'r' to all the notation introduced for generalized weight left modules to indicate that we deal with right modules.
Since the involution * acts as the identity map on the polynomial algebra
So, for each
* is a simple right I n -module with 
by Theorem 3.2 (apply * to (19) ).
Description of simple weight modules. We denote by I n (weight) r (resp., I n (gen. weight) r ) the set of isomorphism classes of simple weight right (resp., generalized weight right) I n -modules. The next theorem classifies (up to isomorphism) all the simple weight right I n -modules.
Theorem 4.2.
(1) I n (gen. weight) r = I n (weight) r = I 1 (weight) ⊗n r , i.e., any simple generalized weight right I n -module is a simple weight right I n -module, and vice versa; any simple weight right I n -module M is isomorphic to the tensor product M 1 ⊗ · · · ⊗ M n of simple weight right I 1 -modules and two such modules are isomorphic over I n , M 1 ⊗ · · · ⊗ M n ≃ M (23), (24) and (25) . Theorem 4.3. Every weight right I n -module is a direct sum of simple weight right I n -modules. In particular, the category W r (I n ) of weight right I n -modules is a semisimple category.
Proof. The theorem follows from Theorem 2.5, (23), (24) and (25) .
Explicit description of modules in GW r (I n , D O ). Proof. The theorem follows from Theorem 3.6 by applying * .
Criterion for the category GW r (I n , D O ) to be of finite representation type, tame or wild. Theorem 4.5 is such a criterion. Proof. The theorem follows from Theorem 3.7 by applying * .
Corollary 4.6. Let O ∈ M n /G. All modules in GW r (I n , D O ) and W r (I n , D O ) are equidimensional and the length of the module is equal the dimension of any of (generalized) weight component. In particular, all indecomposable right generalized weight I n -modules are equidimensional.
Proof. The corollary follows from Corollary 3.8.
The next corollary is a criterion for a generalized weight right I n -modules to be finitely generated.
Corollary 4.7. Let M be a generalized weight right I n -module. The I n -module M is finitely generated iff its support is a subset of a union of finitely many orbits in M n /G and the dimension of all generalized weight components are restricted by a natural number.
Proof. The corollary follows from Corollary 3.9.
Corollary 4.8.
(1) Every module M ∈ GW r (I n , O) is a unique direct sum of absolutely prime generalized weight right I n -modules, and this direct sum is M = DO⊆DO M DO where M DO ∈ GW r (I n , D O ). (2) Every generalized weight right I n -module is a unique sum of absolutely prime generalized weight right I n -modules.
Proof. The corollary follows from Corollary 3.4 by applying * .
Criterion for the category GW r (I n , O) to be of finite representation type, tame or wild. Corollary 4.9 is such a criterion. (1) The category GW r (I n , O) is tame iff n = 1.
(2) The category GW r (I n , O) is wild iff n ≥ 2. (3) None of the categories GW r (I n , O) is of finite representation type.
Proof. The corollary follow from Corollary 3.10 by applying * .
Using the involution, we can consider right analogues of indecomposable I n -modules considered at the end of Section 2. We leave this to the interested reader.
